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ZAK TRANSFORM FOR SEMIDIRECT PRODUCT OF LOCALLY COMPACT GROUPS 

ALI AKBAR AREFIJAMAAL AND ARASH GHAANI FARASHAHI* 



Abstract. Let H be a locally compact group and K be an LCA group also let r : H — > Aut(K) be a continuous 
homomorphism and G T = H K T K be the scmidirect product of H and K with respect to r. In this article we define 
the Zak transform Zl on L 2 (G T ) with respect to a T-invariant uniform lattice L of K and we also show that the 
Zak transform satisfies the Plancherel formula. As an application we show that how these techniques apply for the 
semidirect product group SL(2,Z) Kt-R 2 and also the Weyl-Heisenberg groups. 



1. Introduction 



< , 

P-h , The Zak transform has been used successfully in various applications in physics, such as studying coherent states 

representations in quantum field theory [6] [8] , decomposing the Hamiltonian and rewrite it as magnetic Weyl quan- 
tization of an operator- valued function [12] and also as discrete Fourier transform performed on the signal blocks. 
Sit can be also considered as the polyphase representation of periodic signals and an important tool in the analysis 
! of Gabor system and signal theory [7]. Furthermore, the Zak transforms of the B-splines, appear as a base for the 

integral representation of discrete splines. This integral representation is similar to the Fourier integral, and the Zak 
t-H , splines play the part of the Fourier exponentials [13] . 

The Zak transform on R was introduced in 1950 by Gelfand and it was rediscovered in quantum mechanic repre- 
^ \ sentation by Zak [15 a . Let / 6 L 2 (M), the function Z/iRxI^C defined by 

if) ' +oo 

^-Ml.l) Zf(x,y)= Y, f{x + k)e 2m y\ 

£f~) ', k=-oc 

is called the Zak transform of /. The Zak transform on LCA (locally compact abelian) groups was introduced by Weil 
[14] and developed by many authors [3j [101 E] • Recently, applications of the Zak transform for LCA groups T and 

. . ' 1 has been rediscovered in mathematical physics to study representations of finite quantum systems (see [16]). An 

, approach to the Zak transform on certain non-abelian locally compact groups can be found in [3] . Many groups which 

K> ' appear in mathematical physic and quantum mechanic are non-abelian although they can be consider as semi-direct 

5^ , product of locally compact groups. 

In this paper which contains 4 sections, we introduce an approach to define the Zak transform on semidirect product 
groups of the form G T = H x T K where K is an LCA group and r : H — > Aut(K) is a continuous homomorphism. 
This article organized as follows; section 2 is devoted to fix notations containing a summary on the standard harmonic 
analysis of semi-direct product groups and also an overview of the Zak transform on LCA groups. In order to define the 
Zak transform on G T , we first introduce the continuous homomorphisms r : H — > Aut(K) and t l : H — > Aut(K/L), for 
a T-invariant closed subgroup L of K in section 3. Then we construct the semidirect products H x T K and H k t K/ L 
and study the basic properties of them. Applying these continuous homomorphisms for a given T-invariant closed 
subgroup L of K, we define the continuous homomorphism t x,l = t l xt l : H — >• Aut(K/L x K/L ■) which induces 
the locally compact group G t x.l = H k t x,l [K/L x K/L^\. The T-Zak transform Z^f of a function / e L 2 (G T ) 
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with respect to a r-invariant uniform lattice L of K is denned as a function on the semidirect product G t *,l. It is 
also proved that Zl : L 2 (G T ) — > L 2 (G t x.l) is an isometric transform. 

Finally, we study these methods for the semidirect group SL(2,Z) k t M 2 and also the Weyl-Heisenberg groups. 

2. Preliminaries and notations 

Let H and K be locally compact groups with left Haar measures dh and dk respectively, also let r : H — > Aut(K) 
be a homomorphism such that the map (h, k) i— > Th(k) is continuous from H x K onto if. For simplicity in notation 
we often use k h instead of Th(k) for all h G _ff and fc G if . 

There is also a natural topology, sometimes called Braconnier topology, turning Aut(K) into a Hausdorff topological 
group (not necessarily locally compact), which is defined by the sub-base of identity neighbourhoods 

(2.1) B(F,U) = {ae Aut(K) : a(fc),a _1 (fe) eUkVke F}, 

where F C K is a compact set and (7 C if is an identity neighbourhood. The continuity of a homomorphism 
t : H ^ Aut(K) is equivalent to the continuity of the map (h, k) M> Th(k) from H x K onto if (see [5]). 

The semidirect product G T = H k t K is the locally compact topological group with the underlying set H x K 
which is equipped by the product topology and also the group operations are given by 

(2.2) (h,k)\K T (h',k'):=(hh',kT h (k')) and (M) -1 := (ft~ 1 ,T h -i(fc- 1 )). 

The left Haar measure of G T is d/ia T (h, k) — SK{h)dhdk and the modular function of G T is Ag r (/i, k) — 5k (h) Ah (h) A^ (k) , 
where the positive and continuous homomorphism 5k '■ H — > (0, oo) is given by (15.29 of [?]) 

(2.3) dk = 5 K (h)d(T h (k)). 

If L is a closed subgroup of if which is r-invariant (i.e. Th(L) C L for all /i G ii) with the left Haar measure dl, then 
r : H — >• A7it(i) is a well-defined continuous homomorphism and H x T L is a locally compact group with the left Haar 
measure 5i,(h)dhdl, where 6l : H — > (0, oo) is given by 

(2.4) dl = 5 L (h)d{ Th (l)). 

It is clear that if H is a compact group we have 5l = 5k = 1 and also if L is an open subgroup of if we get Sl = 5k- 
From now on, for all p > 1 we denote by L P (G T ) the Banach space L P (G T , hg t ) an d also L P (K) stands for L P (K, dk). 
When / e L P (G T ), for a.e. ft 6 U the function /^ defined on if via //j(fc) := f(h, k) belongs to L P (K) (see [5]). 

If L is a closed subgroup of an LCA group if then K/L is a locally compact group with left Haar measure o k il 
and also L l (K/ L, <tk/l) is precisely the set of all functions of the form Tjju with v G L 1 (if ) and 



(2.5) T L v(k + L) = / f{k + l)dl. 

In fact, Tl : L X {K) — )■ i 1 (if/i, <J K /l) given by u H> Ti« is a surjective bounded linear map. As well as, all i> G L 1 (if ) 
satisfy the following Weil's formula (see p]); 



(2.6) / v{k)dk= / T L v(k + L)da K /L(k + L). 

JK JK/L 

If if is an LCA group all irreducible representations of if are one-dimensional. Thus, if (tt, 1-1-k) is an irreducible 
unitary representation of if we have T-L-n = C and also according to the Shur's Lemma there exists a continuous 
homomorphism u> of if into the circle group T such that for each k G if and z G C we have n(k)(z) — ui(k)z. Such 
homomorphisms are called characters of if and the set of all characters of if denoted by if. It is a usual notation 
to use (k, to) instead of u>(k). If if equipped by the topology of compact convergence on if which coincides with the 
ui*-topology that if inherits as a subset of L°°(K), then if with respect to the dot product of characters is an LCA 
group which is called the dual group of if. The linear map Tk '■ L X (K) — > C(K) defined by v »->• Fk{v) via 



(2.7) F K (v)(u)=v(u)= v(k)uj(k)dk, 

JK 



is called the Fourier transform on K, where C(K) is the set of all continuous functions on K. The Fourier transform 
(|2.7j) on L X (K) n L?(K) is an isometric transform and it extends uniquely to a unitary isomorphism from L 2 (K) to 
L 2 (K) (Theorem 4.25 of p]) also each v £ L^{K) with v £ L l (K) satisfies the following Fourier inversion formula 
(Theorem 4.32 of [I]); 



(2.8) v(k) = / v{oo)uj{k)di 

Jk 



'ju for a.e. k £ K. 

K 

If L is a closed subgroup of an LCA group K the annihilator of L in K is defined by 

(2.9) L x = {u>£K : u(l) = 1 for all I £ L}, 

which is a closed subgroup of K. Then, (i x ) x = L and K/L 1 - = L also K/L = L 1 - (see Theorem 4.39 of [1]). By 
a uniform lattice L of K we mean a discrete and co-compact (i.e K/L is compact) subgroup L of if. If K is second 
countable it is always guaranteed that K possesses a uniform lattice (see [TTjV 

The Zak transform associated to a uniform lattice L oi v £ C C (K) is defined on K x if by 

(2.10) Z L v(h,u) = ^f(k + l)u(l), 

where C C (K) stands for the function space of all continuous functions on K with compact support. It is shown that 
Zl '■ C C (K) — > C C (K/L x K/L ) is an isometry in L 2 -norms and so that it can be uniquely extended into the Zak 
transform Z L : L 2 (K) -> L 2 (K/L x K/L ± ) which is still an isometry (see [31H0]). 

3. r-Zak transform 

Throughout this article, let H be locally compact group, K an LCA group and r : H — > Aut(K) be a continuous 
homomorphism also let G T = H x T L. Define r : H — > Aut(K) via h i— > r/i, given by 

(3.1) 77i(w) := Uh = wor/,-i 

for all u> £ K, where u>h(k) = oj(r;j-i(fc)) for all k £ K. According to (I3.1[) for all /i G i? we have Th £ Aut(K) and 
also h i->- t>j is a homomorphism from ii into Aui(if). Because it h,t £ H then for all w G if and also k £ K we have 

T th (uj)(k) = wtfc(fe) 

= w(T(tf l )-i(fc)) 

= w(r ft -ir t -i(fe)) 

= w/ J (r t -i(fe)) =77,(w)(rt-i(A;)) = f 4 [r, l (w)](fc). 

Thus, we can prove the following theorem. 

Theorem 3.1. Let H be a locally compact group and K be an LCA group also r : H — > Au4(.K") &e a continuous 
homomorphism and let 5k '■ H — > (0, oo) &e i/ie positive continuous homomorphism satisfying \2. 3\) . The semidirect 
product Gr = H x^ K is a locally compact group with the left Haar measure dnc?(h,ui) — 5K{h)~ l dhdiu. 

Proof. Continuity of the homomorphism r : H — ► Aut(K) given in ()3.1|i guaranteed by Theorem 26.9 of 0]. Hence, 
the semidirect product G? = ii Xp K is a locally compact group. We also claim that the Plancherel measure dui on 
K for all h £ H satisfies 

(3.2) dujh — $K(h)dw. 
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Let h £ H and also v £ L l (K). Using (|2.3|) we have v o th £ L X (K) with ||« o ThW^iK) = ^K{h)\\v\\ L i^ K y Thus, for 
all uj £ K we achieve 



v o Th{oj) — I v o Th(k)uj(k)dk 
Jk 



v{k h )uj{k)dk 



K 



= / v(k)u!i l (k)dk = §K{h) I v{k)u)h{k)dk = SK(h)v(uJh) 



k Jk 

Now let v £ L l (K) n L 2 (K). Due to the Plancherel theorem (Theorem 4.25 of pQ) and also preceding calculation, for 
all h £ H we get 

v(uj)\ dujh = / |v(w/j-i)[ dto 
k Jk 



= S K (h) / \voT h -i(uj)\ dw 
Jk 

= S K (h) 2 f \ V OT h -l(k)\ 2 dk 
JK 

= S K (hf f \v(k)\ 2 dk h = S K (h) f \v(k)\ 2 dk= f \v(u)\ 2 S K (h)du, 
Jk Jk Jk 

which implies (|3.2[) . Therefore, dfj,G~(hiU)) — 5K(h)~ 1 dhdu is a left Haar measure for G? = H K? K. D 

If L is a closed r-invariant subgroup of K, let t l : H ^r Aut(K/L) via ft M> r^ be given by 

(3.3) Thik + L) := r h {k) + L = k h + L. 

For all h £ H we have rfr £ Aut(K/L) and t l : H ^ Aut(K/L) is a well-defined homomorphism. For simplicity 
in notations, from now on we use (k + L) h instead of T^{k + L). Thus, via algebraic structures we can consider the 
semidirect product G t l = H k t l K/L. The group operation for (h, k + L), (h', k' + L) £ G t l is 

(3.4) (h, k + L) k t l (ti, k' + L) = (hh\ k + k' h + L). 

In the next theorem we show that G t l = H k t l K/L is a locally compact group and we also identify the left Haar 
measure. 

Theorem 3.2. Let H be a locally compact group, K be an LCA group and r : H — > Aut(K) be a continuous homo- 
morphism also let L be a closed r-invariant subgroup of K and 5k, ^l '■ H —> (0, oo) be the continuous homomorphisms 
satisfying i2. 3\) and \2.1$ respectively. The semidirect product G t l = H \k t l K/L is a locally compact group with the 
left Haar measure d/J,o L (h, k + L) = 6 K(h)6 i,{h )dhdo k / h{k + L), where o~k/l is the left Haar measure of K/L. 

Proof. Continuity of r L : H — > Aut{K/L) is an immediate consequence of continuity of r : H — > Aut(K). Hence, 
the semidirect product G t l = H k t l K/L is a locally compact group. Let h £ H and v £ L X (K) be given. Then, 
v o Th £ L X (K) and also for k + L £ K/L we have 

Tl(v o Th)(k + L) — I voTh(k + l)dl 
v(k h + l h )dl 
v(k h + l)dl h ^ = 8 L {h) f v(k h + l)dl = 6 L (h)T L (v)(k h + L). 

L J L 



Now, due to the Weil's formula we get 

T L (v)(k + L)da K/L ((k + L) h ) 

K/L 



/ T L (v)(k + 

J K/L 


L)d<r K/L (k 1 


' l + L) 


f T L {v)(k h -' 
Jk/l 


+ L)da K/L 


(k + L) 


S L (h) f T L (v 
Jk/l 


OT h -l)(k + 


L)da K/L (k + L) 


8l(K) / vor h - 
Jk 


l{k)dk 




S L (h) [ v(k)dk 
Jk 


h 





= <5 L (/i)M^ )/ v{k)dk= T L {v)(k + L)da K/L {k + L). 

Jk Jk/l 

Thus, dfi,Q T L(h, k + L) = S^(h)5i J (h^ 1 )dhdaK/L(k + L) is the left Haar measure of G t l = H <x t l K/L. □ 

Applying Theorem 13.21 for K and L 1 - and also using Theorem I3.1l we achieve the following corollary. 

Corollary 3.3. Let H be a locally compact group, K be an LCA group and r : H —} Aut(K) be a continuous homo- 
morphism also let L be a closed r-invariant subgroup of K and 5k-, o~l '■ H — >• (0, oo) be the continuous homomorphisms 
satisfying (2.3)) and \2.$ respectively. The semidirect product G~ L ± = H k~ l ± K/L 1 - is a locally compact group 
with the left Haar measure dfi~ L ± {h,ujL^) = 6 K(h~ 1 )6 L(h)dhdo~ » , ^^(wL 1 ) , where & K , L± is the left Haar measure of 

K/L- 1 -. 

We can also conclude the following propositions. 

Proposition 3.4. Let H be a locally compact group and K be an LCA group also r : H — >• Aut(K) be a continuous 
homomorphism and let L be a closed r-invariant subgroup of K . The semidirect product group G-g is a locally compact 
group and also \fr : G-g — > H Kyi 1 given by (h,Q i-> ^f(h, C,) = (h, [C]) where [£](&) = C,{k-\-L), is a topological group 
isomorphism. 

Proof. For all C, £ K/L, h £ H and also k G K we have 

[Ch](k) = Ch(k + L) 

= (((k + L) h - 1 )=ak h ~ 1 +L) = [(;} h . 

Let (h, £), (h' , £') in G-g. Due to Proposition 4.38 of [T] we get 

*[(ft,C)K^(/ l / ,C')] = *(^'»CCft) 

= (^mcc;j) 
= (^mc][c;j) 

= (Wi'JCHC'M = *(fc,C) * ? ^ WO- 

Now, again Proposition 4.38 of [T] implies that ^ is a topological group isomorphism. □ 

Also, by similar argument we achieve the following proposition. 

Proposition 3.5. Let H be a locally compact group and K be an LCA group also r : H — >• Aut(K) be a continuous 
homomorphism and let L be a closed r-invariant subgroup of K . The semidirect product group G~ L ± is a locally 
compact group and also $ : G~ L ± — > H Ky L given by (h,LoL^) i— > (h,uj\ L ), is a topological group isomorphism. 
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If L is a r-invariant closed subgroup of K. Define t x ' L := t l xt l : H — > Aut(K/L x K/L ± ) via h i->- t£' given 

by 

(3.5) T*' L {k + L.uL^) = {k + L,u>L ± ) h := (k h + L.lohL^). 

It can be easily checked that r x,L = t l x t l : H — > Aut(K/L x K/L ) is a continuous homomorphism. Thus, we 
can prove the following theorem. 

Theorem 3.6. Let H be a locally compact group, K be an LCA group and r : H — ► Aut(K) be a continuous homo- 
morphism also let L be a closed r-invariant subgroup of K and 8k, $l '■ H — >• (0, oo) be the continuous homomorphisms 
satisfying \2. 3\) and {2.$ respectively. The semidirect product G t x,l = H K t x,l [K/L x K/L 1 -) is a locally compact 
group with the left Haar measure d/ic x L (h,k + L^luL 1 -) = dhdcrx/L{k + L)do~j>, L j_{ojL ), where ctk/l an d <j k/l ± 
are the left Haar measures of K/L and K/L 1 - respectively. 

Proof. Continuity of the homomorphism r x,L : H — >• Aut(K/L x K/L ) guarantee that the semidirect product 
G t x,l = H x t x,l [K/L x K/L ± ) is a locally compact group. Now, due to Theorem 13.21 and also Corollarv l3.3l for all 
h £ H we have 

da K/L x (? K/L± [r^ L (k + LjUL- 1 )) = da K / L x cr K/L± ((k + L.ujL^)' 1 ) 

= da K/L x <J K/L ±{k h + L 1 uj h L ± ) 
= do- K/L (k h + L)do-£ /L± (uj h L ± ) 

= 5 K {h)8 L {h- l )d<T K/L {k + L)6 L (h)5 K (h' 1 )da K/L± (uL ± ) 
= da K/L (k + L)do-£ /L± (ujL ± ) = da K/L x <J K/L ±{k + L^uL 1 -). 
Hence, dfic x L {h, k + L,ujL^) = dhdaxiL^ + L)do~j>, LJ _(wL) is the left Haar measure. □ 

Now let L be a r-invariant uniform lattice in K. We define the r-Zak transform of / £ L 2 (G T ) via 

(3.6) Z L f(h, k, u) := 5 K {h) l ' 2 Zf h {k h , u h ) = S K (h) 1 / 2 £ f(h, k h + l)uj h (l). 

When / € L 2 (G T ) then for a.c. h G H we have fh £ L 2 (K), so that Z^fh and hence Zl is well-defined. If v £ L 2 (K) 
and u £ L 2 (H) let u ® u(/i, k) = 8K{h)~ 1 / 2 u{h)v{k). Then, u®v£ L 2 (G T ) and also we have 

Z L (u ® w)(/», fc, «) - S K (h) l/2 Z L f h (k h , w h ) 

= u(h)Z L v(k h ,u h ). 

The following proposition states some concrete properties of the r-Zak transform. 

Proposition 3.7. Let f £ L 2 (G T ). Then for a.e. (h,k,uj) £ G t x,l and also (l,£) £ L x L we have 

(1) Z L f{h,k + l,w)=lJrff)Z L f{h,k,u). 

(2) Z L f(h,k,uO=Z L f(h,k,u). 

Proof. (1) Due to the quasi-periodicity of the Zak transform Zl we get 

Z L f(h, k + l,u) = 5 K {h) l ' 2 Z L f h {k h + l, Uh ) 

= 5 K (h) 1 / 2 ^(I)Z L f h (k h ,uj h )=^(r)Z L f(h,k,Lu). 
(2) It is also guaranteed by the quasi-periodicity of the Zak transform Zj,. □ 

In the following theorem we show that the r-Zak transform defined in (|3.6j) is an isometric transform. 



Theorem 3.8. Let H be a locally compact group and K be an LCA group also r : H — > Aut(K) be a continuous 
homomorphism and let L be a r-invariant uniform, lattice in K. The r-Zak transform Z : L (G T ) — > L 2 (G t x,l) is an 
isometric transform. 



Proof. Using Theorem 13.61 and also Fubini's theorem we have 

ll-2/Hi»«W) = / \2f(h,k 1 u)\ a dnG T *, I .(h,k + L, u L ± ) 

J G T x,L 

= f f f \Zf(h,k,Lu)\ 2 dhda K/L (k + L)da R/L± (iuL ± ) 

J H JK/L JK/L 1 ^ 

\Zf h (k\u Jh )\ 2 da K/L (k + L)da R/L± (u;L ± ))6 K (h)dh 



H \JK/LJK/L j 

\Zf h {k,u)\*da K / L {k h ~ l +L)d<r R/L± {u Jh -iL^) ) 6 K {h)dh 



H \J K/LJ K/L->- 



2 



\fh\\mK) S K(h)dh = \\j ||L2(G T )* 
H 



D 



Using linearity of the r-Zak transform and also the polarization identity we achieve the following orthogonality 
relation for the r-Zak transform. 

Corollary 3.9. Let H be a locally compact group and K be an LCA group also r : H — >• Aut(K) be a continuous 
homomorphism and let L be a T-invariant uniform lattice in K. The r-Zak transform, for all f,g £ L 2 (G T ) satisfies 
the following orthogonality relation; 

(3-7) (Z/,Z. 9 ) L 2 (GtX l) = (f,g) L 2 (GT y 

4. Examples and Applications 

In this section via some examples we illustrate how the preceding results apply for semidirect product groups. 

4.1. Euclidean group. Let H = SL(2,Z) and K = R 2 also for all a £ H let r a : R 2 -)■ R 2 be given via r a (x) = <rx, 
for all x £ R 2 . Then, G T = SL(2,Z) x T R 2 is a locally compact group with left Haar measure dfi,G r C ") x ) = dadx. 
Then, G ? = SL(2, Z) k ? R 2 = SL(2, Z) x ? R 2 where r : SL(2, Z) -> Awt(R 2 ) is given by ct >->• f CT via ? a (w) = w CT for 
all w £ R 2 , where for all x £ R 2 we have 

(X,f -(W)) = (XjWcr) 

= (T ff -i(x),W> = (cr _1 X,w) = e -2"(<r- I x,w) = ^^(x.w^- 1 ) _ 

If cr = I , I £ SL(2, Z), then for all w = (wi,W2) £ R 2 and x = (xi, x 2 ) £ R 2 we have 

ttj'l /„ w \ _ g— 27ri(<7 _1 x,w) _ — 27ri(du>ia;i— 6tUi;C2— cio 2 a;i+au>2X2) 

Example 4.1. Let a,f3 £ R and L a ^ = aZ x /3Z. Then, Lt a ^\ is a 2D r-invariant uniform lattice in R 2 with 
LjL = 2,(^-1.^-1). The continuous homomorphism r x ' L (°.« : SL(2,Z) -» Aut(R 2 /L Q!/3 x R 2 /L (a -i ]/S -i)) = Am£(T 4 ) 
is given by cr i— >• r CT via 

(4.2) r CT x,I ' ( -«(x + L (Q>w ,w + L( L a ^ ) ) = (crx + L (a;/ 3 )) wcr- 1 +L( L a ^ ) ). 
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If / : SL(2, Z)xlMC satisfies 

(4.3) / I \f{a,x)\ 2 dadx< oo, 

JSL(2,Z) JR 

then for (a, x, w) G SL(2, Z) x R 2 x R 2 we have 

•^(^/(c-.x.w) = Z L( „ ^(o^wct -1 ) 

OO OO 

n — — oo m— — oo 

4.2. Weyl-Heisenberg group. Let X be an LCA group with the Haar measure dk and K be the dual group of K 
with the Haar measure duj also T be the circle group and let the continuous homomorphism r : K — > Aut(K x T) via 
s M> t s be given by t s (uj, z) — (u>, z.tu(s)). The semidirect product G T = K x T (K x T) is called the Weyl-Heisenberg 
group associated with K which is also denoted by M(K). The group operation for (fc,w, z), (k', ui' , z 1 ) G K k t (K x T) 
is 

(4.4) {k,uj,z) K T (k',u',z') = {k + k',ujio',zz'uj'{k)). 

If dz is the Haar measure of the circle group, then dkdiodz is a Haar measure for the Weyl-Heisenberg group and also 
the continuous homomorphism S : K — > (0, oo) given in (|2.3|) is the constant function 1. Thus, using Theorem 4.5 and 
also Proposition 4.6 of [1] and Proposition 13. II we can obtain the continuous homomorphism r : K — >• Aut{K x Z) via 
s i— > t s , where t s is given by r s {k, n) — (fc, n) o t s -i for all (fc, n) G K x Z and s £ K. Due to Theorem 4.5 of [I], for 
each (fc, n) G K x Z and also for all (w, z) G K x T we have 

((w, z), (fc, n) s ) = ((w, z), r s (fe, n)) 

= (^- 1 (^,2),(fc,r7,)) 



((w,zw(s)),(A;,rc)) 



(w, k)(zuj(s),n) 



= uj{k)z n u(s) 

= uj{k — ns)z n — [to, k — ns)(z, n) = ((lo, z), (fc — ns 1 n)). 

Thus, for all k,s G K and n G Z we have 

(4.5) t s (/c, n) = (fc, n) s = (k — ns, n). 

Therefore, G? has the underlying set K x K x Z with the following group operation; 

(s, fc,n) x ? (s', k'.n') = (s + s' . (k,n)T s {k' ,n')) 

= (s + s',(k,n)(k / - n's,n r )) = (s + s',k + k' -n's,n + n'). 

Example 4.2. Let K = Z then G T = Zx r T 2 , where r : Z — 5- Aut(T 2 ) is defined via I >—> r^ given by T£(u>, z) = (w, zu/) 
for all w, z G T and £ € Z. Due to (|4.5p . r : Z — >■ Aut(l?) is given by £ >->• t^ where %(p,q) = (p — q£,q) for all 
£,p, g G Z. Now for all n G Z let T„ = {z G T : z n = 1} and also for (n, to) G Z 2 let L(„ im ) = T„ x T TO . Then, 

L( n ,m) = (™« X ™m) 

= Tf x Ti = nZ x mZ. 



If n\m then Li n , m ) is a r-invariant uniform lattice in T 2 . In this case r 
all £ G Z is given by 

X,L„ 



x,L„ 



Z -> A u t(T 2 /L (?l!m) x I?/Lf nm) ) for 



^(w,0) + X(„ ]TO ),(p,g) + L^ m) j = f T^ n - m) (w,z) + L {rhm) ,T t in ' m) (p,q) + Lf nm) ) 

= [(w, zf + £(„, m ), (p, g)* + ^, m )J 
= ((w, zw 1 ) + I (n , m ), (p - g^, g) + Lf nm) J . 
Since for all n € Z we have T/T n = T and also Z/nZ = Z n we can consider 



(4.6) 



Z ->■ A?it(T 2 x Z„ x Z m ) 



via t^ ' n ' m (w, z,p,q) = (w, zw l ,p — q£, q) for all (w, z,p,q) G T 2 x Z„ x Z m . If / : Z x T 2 
(4.7) V) / / |/(£,e ie ,e lt )| 2 rfid6i<cx), 

then for (£, e ie , e i4 ,p, q) G Z x T 2 x Z 2 we have 

2L ( „, m) /(e ie ,e It ,p,g) = Z L(nm) /,(e l9 ,e rf ,p,g) 

= Z L ^ m) f £ ((e i6 ,e i ^ e %(j>- q e, q )) 

= Yl f{£,w + e ie ,z + e^ t+ ^){p- q £, q ){w,z) 

0,z)eL ( „ m) 

= Y, f(i,w + e ie ,z + e^ +e ^)wP-^z" 

(w,«)6i(„, m ) 
n m 
= V^ V^ J(£ ; e i(27rfc/n+0) 5 e i(2Trj/m+t+8e)j e m±(p-qt) e 2%Lq_ 

k=l 3 = 1 

According to Theorem 13. 81 we get 

oo „2tt i-Itx n m 



satisfies 



s /„ /„ ee 

oo /-27T <.2ir " '■- 

= E / / EEI 2 ^)/^ 6 "^)!^ 



^ ^ /(4 e i(27rfc/,l+e) , e i(27rj/ " l+t+w) )e ™ (p " 9 ^e ™ 9 

oo -27T /.27T n rn 



dtde 



p=0 q=0 
oo r 2ir /.2-n- 



E 



o Jo 



\f(£,e l& ,e lt )\ 2 dtd8. 



ACKNOWLEDGEMENTS. The authors would like to gratefully acknowledge financial support from the Nu- 
merical Harmonic Analysis Group (NuHAG) at the Faculty of Mathematics, University of Vienna. 

References 

1. Folland. G. B., A Course in Abstract Harmonic Analysis, CRC press, 1995. 

2. Folland. G. B., Real Analysis, Modern Techniques and Their Applications, Wiley-Inter-science publication, 1999. 

3. Grochenig. K., Aspects of Gabor analysis on locally compact abelian groups, Gabor analysis and algoritms, 211-231, Applied and 
Numerical Harmonic Analysis, Birkhauser, Boston, MA 1998. 

4. Hewitt. E., and Ross. K. A., Absrtact Harmonic Analysis, Vol 1, 1963. 

5. Hochschild. G., The Structure of Lie Groups, Hpolden-day, San Francisco, 1965. 



10 ALI AKBAR AREFI.TAMAAL AND ARASH GHAANI FARASHAHI 

6. Jansscn. A. J. E. M., Bargmann transform, Zak transform, and coherent states, J. Math. Phys. , 23 (1982) 720-731. 

7. Janssen. A. J. E. M., The Zak transform: A signal transform for sampled time- continuous signals, Philips J. Res. 43 (1988) 23-69. 

8. Klauder. J., and Skagcrstam. A. J. E. M., Coherent states, World Sci. 1985. 

9. Kutyniok. G., The Zak transform on certain locally compact groups. J. of Math. Sciences 1 (2002) 62-85. 

10. Kutyniok. G., A qualitative uncertainty principle for functions generating a Gabor frame on LCA groups, J. Math. Anal. Appl. 279 
(2003) 580-596. 

11. Kaniuth. E., and Kutyniok. G., Zeros of the Zak transforms on locally compact abelian groups, Proc. Amer. Math. Soc. 126 (1998) 
3561-3569. 

12. Nittis. G. D., and Lein. M., Applications of magnetic VDO techniques to sapt, Rev. Math. Phys. 23(3), (2011) 233-260. 

13. Pevnyi. A., Zhcludcv. V., Construction of wavelet analysis in the space of discrete splines using Zak transform, J. Fourier Anal. Appl. 
8(1) (2002) 59-83. 

14. Weil. J., Sur certains groupsd 'operateurs unitaires, Acta Math., Ill (1964) 143-211. 

15. Zak. J., Finite translation in solid state physics, Phys. Rev. Letters 19 (1967) 1385-1387. 

16. Zhang. S., and Vourdas. A., Analytic representation of finite quantum systems, J. Phys. A: Math. Gen. 37 (2004) 8349-8363. 

Ali Akbar Arbfijamaal, Department of Mathematics, Sabzevar Tarbiat Moallem University, Sabzevar, Iran. 
E-mail address: aref ijamal@sttu.ac.ir 

Department of Pure Mathematics, Faculty of Mathematical sciences, Ferdowsi University of Mashhad (FUM), P. O. Box 
1159, Mashhad 91775, Iran. 

E-mail address: ghaanifarashahiShotmail.com 



